The auxiliary equation method for solving the Zakharov–Kuznetsov (ZK) equation  by Ma, Hong-Cai et al.
Computers and Mathematics with Applications 58 (2009) 2523–2527
Contents lists available at ScienceDirect
Computers and Mathematics with Applications
journal homepage: www.elsevier.com/locate/camwa
The auxiliary equation method for solving the Zakharov–Kuznetsov (ZK)
equation
Hong-Cai Ma ∗, Yao-Dong Yu, Dong-Jie Ge
Department of Applied Mathematics, College of Science, Donghua University, Shanghai, 201620, China
a r t i c l e i n f o
Keywords:
Auxiliary equation method
Zakharov–Kuznetsov equation
Exact solutions
a b s t r a c t
In this paper, the nonlinear dispersive Zakharov–Kuznetsov equation is solved by using
the auxiliary equationmethod. As a result, new solitary pattern, solitary wave and singular
solitary wave solutions are found.
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1. Introduction
In recent years, seeking exact solutions of nonlinear partial differential equations (NLPDEs) has been of great significance,
since the nonlinear complex physical phenomena related to the NLPDEs arise in many fields of physics, mechanics, biology,
chemistry and engineering. The investigation of exact solutions of NLPDEs, as mathematical models of the phenomena,
will help us to understand the mechanism that governs these physical models or provide better knowledge of the physical
problems and possible applications. To these ends, a vast variety of powerful and direct methods for finding the exact
significant solutions of NLPDEs (though it is rather difficult) have been derived. Some of the most important methods
are the Bäcklund transformation method [1], Hirota’s method [2], the tanh-function method [3], the extended tanh-
function method [4,5], He’s homotopy perturbation method [6–8], nonperturbative methods [9], the Jacobi elliptic function
expansion method [10], the F-expansion method [11], the auxiliary equation method [12], the Fan sub-equation method
[13,14], the modified extended Fan sub-equation method [15], the exp-function method [16–18], and so on. A complete
review can be found in Ref. [19]. Recently, Sirendaoreji [20] proposed a new auxiliary equation method by introducing
a new first-order nonlinear ordinary differential equation (NLODE) with six-degree nonlinear terms, and its solutions, to
construct exact travelling wave solutions of NLPDEs in a unified way. Later, Zhang and Xia [21] improved this method and
obtained new formal solutions of some NLPDEs. The aim of this work is to use the auxiliary equation method to solve the
Zakharov–Kuznetsov equation.
The Zakharov–Kuznetsov equation (for short called ZK(m, n, k)) of the form
ut + λ0(um)x + λ1(un)xxx + λ2(uk)xyy = 0, (m, n, k 6= 0), (1)
where u = u(x, y, t) is a sufficiently often differentiable function, λ0, λ1 and λ2 are arbitrary constants and m, n and k are
integers, governs the behavior of weakly nonlinear ion acoustic waves in a plasma comprising cold ions and hot isothermal
electrons in the presence of a uniformmagnetic field [22]. The Zakharov–Kuznetsov equationwas first derived for describing
weakly nonlinear ion acoustic waves in a strongly magnetized lossless plasma in two dimensions [23].
Wazwaz [24] used the extended tanh method for analytic treatment of the ZK equation, the modified ZK equation,
and the generalized forms of these equations. Huang [25] applied the polynomial expansion method to solve the coupled
ZK equations. Zhao et al. [26] obtained numbers of solitary waves, periodic waves and kink waves using the theory of
bifurcations of dynamical systems for the modified ZK equation. Inc [27] solved nonlinear dispersive ZK equations by using
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Table 1
Solutions of Eq. (6) with∆ = b2 − 4ac , ε = ±1.
No. z(ξ) No. z(ξ)
1
−ab sech2
( √
a
2 ξ
)
b2−ac
(
1+ε tanh
( √
a
2 ξ
))2 , a > 0 8 −a sec2
( √−a
2 ξ
)
b+2ε√−ac tan
( √−a
2 ξ
) , a < 0, c > 0
2
ab csch2
( √
a
2 ξ
)
b2−ac
(
1+ε coth
( √
a
2 ξ
))2 , a > 0 9 a csch2
( √
a
2 ξ
)
b+2ε√ac coth
( √
a
2 ξ
) , a > 0, c > 0
3 2a sech(
√
aξ)
ε
√
∆−b sech(√aξ) , a > 0,∆ > 0 10
−a csc2
( √−a
2 ξ
)
b+2ε√−ac cot
( √−a
2 ξ
) , a < 0, c > 0
4 2a sec(
√−aξ)
ε
√
∆−b sec(√−aξ) , a < 0,∆ > 0 11 − ab
(
1+ ε tanh
(√
a
2 ξ
))
, a > 0,∆ = 0
5 2a csch(
√
aξ)
ε
√−∆−b csch(√aξ) , a > 0,∆ < 0 12 − ab
(
1+ ε coth
(√
a
2 ξ
))
, a > 0,∆ = 0
6 2a csc(
√−aξ)
ε
√
∆−b csc(√−aξ) , a < 0,∆ > 0 13
4aeε
√
aξ
(eε
√
aξ−b)2−4ac , a > 0
7
−a sech2
( √
a
2 ξ
)
b+2ε√ac tanh
( √
a
2 ξ
) , a > 0, c > 0 14 ±4aεeε√aξ
1−4ace2ε
√
aξ , a > 0, b = 0
the Adomian decomposition method (ADM). Batiha [28] also obtained approximate analytical solutions of the ZK equations
with the aid of the variational iteration method (VIM). Recently, Ahmet Bekir and Ahmet Boz used the exp-function method
to solve the modified ZK equation [29].
Thiswork is concernedwith the special case of Eq. (1), that is characterized by λ0 = 12 , λ1 = 13 and λ2 = 23 for ZK(2, 1, 1):
ut + uux + 13uxxx +
2
3
uxyy = 0. (2)
The rest of this work is organized as follows: in Section 2, we give a description of this new auxiliary equation method;
in Section 3, we apply this method to the Zakharov–Kuznetsov equation; in Section 4, some conclusions are given.
2. The auxiliary equation method
We consider a given PDE in three independent variables (x, y, t) and dependent variable u:
Step 1. We use the wave transformation u(x, y, t) = u(ξ), ξ = x+ βy+ γ t , and reduce the given NLPDE
F(u, ux, uy, ut , uxx, . . .) = 0 (3)
to the following ODE:
H(u, uξ , uξξ , . . .) = 0. (4)
Step 2. By virtue of the extended tanh-function method we seek the solution of Eq. (4) using the following ansätze:
u(ξ) =
N∑
i=0
aiz i(ξ), (5)
in which ai (i = 0, 1, 2, . . . ,N) are all real constants to be determined, the balancing number N is a positive integer which
can be determined by balancing the highest order derivative terms with the highest power nonlinear terms in Eq. (4) and
z(ξ) expresses the solutions of the following auxiliary ordinary differential equation:(
dz
dξ
)2
= az2(ξ)+ bz3(ξ)+ cz4(ξ), (6)
where a, b, c are real parameters. The exact solutions of Eq. (6) have been shown in Table 1 [20]. We substitute ansätze Eqs.
(5) and (6) into Eq. (4) with computerized symbolic computation, equating to zero the coefficients of all powers of z(ξ) to
yield a set of algebraic equations for a, b, c, ai (i = 0, 1, . . . ,N), and solving this set of algebraic equation and inserting
these results into Eq. (5) and the solutions of Eq. (6), which are numbered 1–14 (in Table 1). Finally, setting ξ = x+βy+γ t ,
we obtain the exact travelling wave solutions of Eq. (3).
3. Travelling wave solutions for the Zakharov–Kuznetsov equation
To seek travelling wave solutions of Eq. (2), by substituting
u = U(ξ), ξ = x+ βy+ γ t, (7)
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into Eq. (2), integrating once with respect to ξ and setting the integration constant equal to zero, one has
γU + 1
2
U2 +
(
1
3
+ 2
3
β2
)
Uξξ = 0. (8)
Balancing U2 with Uξξ gives the leading order N = 2. So take the ansätze
U(ξ) = a0 + a1z(ξ)+ a2z2(ξ), (9)
where a0, a1, a2 are constants and need to be determined, z(ξ) expressing the solutions (see Table 1) of Eq. (6). Substituting
Eqs. (6) and (9) into Eq. (8) and setting the coefficients of z i(ξ) (i = 0, 1, . . . , 4) to zero, we obtain following set of nonlinear
algebraic equations:
2a2c + 4β2a2c + 12a
2
2 = 0,
5
3
a2b+ 103 β
2a2b+ a1a2 + 43β
2a1c + 23a1c = 0,
γ a2 + 12a
2
1 +
8
3
β2a2a+ 12a1b+
4
3
a2a+ a0a2 + β2a1b = 0,
γ a1 + a0a1 + 23β
2a1a+ 13a1a = 0,
γ a0 + 12a
2
0 = 0.
Solving this set of algebraic equations by the use of Maple, we obtain
a0 = 0, a1 = −b− 2β2b, a2 = 0, c = 0, γ = −23β
2a− 1
3
a. (10)
a0 = 0, a1 = 0, a2 = −4c − 8β2c, b = 0, γ = −83β
2a− 4
3
a. (11)
a0 = 0, c = 0, a1 = −4β2b− 2b, a2 = −4c − 8β2c, a = b
2
4c
, γ = b
2(2β2 + 1)
12c
. (12)
a0 = −43β
2a− 2
3
a, a1 = −b− 2β2b, a2 = 0, c = 0, γ = 23β
2a+ 1
3
a. (13)
a0 = −163 β
2a− 8
3
a, a1 = 0, a2 = −4c − 8β2c, b = 0, γ = 83β
2a+ 4
3
a. (14)
a0 = −b
2(2β2 + 1)
6c
, a1 = −4β2b− 2b, a2 = −4c − 8β2c, a = b
2
4c
, γ = b
2(2β2 + 1)
12c
. (15)
Substituting Eqs. (10) and (7) with z(ξ) in Table 1 into Eq. (9) gives rise to the exact travelling wave solutions of Eq. (2) as
follows:
u1(x, t) = a(1+ 2β2) sech2(η)
u2(x, t) = −a(1+ 2β2) csch2(η)
u3(x, t) = −2a(1+ 2β2) sech(2η)
ε − sech(2η)
u4(x, t) = −4ab(1+ 2β2) e
2εη
(e2εη − b)2
where η =
√
a
2 (x+ βy+ γ t), β, a > 0 and b > 0 are arbitrary constants.
Substituting Eqs. (11) and (7) with z(ξ) in Table 1 into Eq. (9) gives rise to the exact travelling wave solutions of Eq. (2)
as follows:
u1(x, t) = −4ac2(1+ 2β2) csch2(2η)
u2(x, t) = −a(1+ 2β2) sech
4(η)
tanh2(η)
u3(x, t) = −a(1+ 2β2) csch
4(η)
coth2(η)
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u4(x, t) = −64a2c(1+ 2β2) e
4εη
(e4εη − 4ac)2
u5(x, t) = −64a2c(1+ 2β2) e
4εη
(1− 4ace4εη)2
where η =
√
a
2 (x+ βy+ γ t), β, a > 0 and c > 0 are arbitrary constants.
Substituting Eqs. (12) and (7) with z(ξ) in Table 1 into Eq. (9) gives rise to the exact travelling wave solutions of Eq. (2)
as follows:
u1(x, t) = 2b
2
c
(1+ 2β2)
[
sech2(η)
4− (1+ εtanh(η))2 −
2(1+ 2β2) sech4(η)
[4− (1+ εtanh(η))2]2
]
u2(x, t) = −2b
2
c
(1+ 2β2)
[
csch2(η)
4− (1+ εcoth(η))2 +
2csch4(η)
[4− (1+ εcoth(η))2]2
]
u3(x, t) = b
2
4c
(1+ 2β2)
[
2sech2(η)
1+ εtanh(η) −
sech4(η)
(1+ εtanh(η))2
]
u4(x, t) = − b
2
4c
(1+ 2β2)
[
2csch2(η)
1+ εcoth(η) −
csch4(η)
(1+ εcoth(η))2
]
u5(x, t) = b
2
4c
(1+ 2β2)[2(1+ εtanh(η))− (1+ εtanh(η))2]
u6(x, t) = b
2
4c
(1+ 2β2)[2(1+ εcoth(η))− (1+ εcoth(η))2]
u7(x, t) = −2b
3
c
(1+ 2β2)
[
e2εη
(e2εη − b)2 − b2 +
2be4εη
[(e2εη − b)2 − b2]2
]
where η = b4√c (x+ βy+ γ t), β, b > 0 and c > 0 are arbitrary constants.
Substituting Eqs. (13) and (7) with z(ξ) in Table 1 into Eq. (9) gives rise to the exact travelling wave solutions of Eq. (2)
as follows:
u1(x, t) = a(1+ 2β2)
[
−2
3
+ sech2(η)
]
u2(x, t) = −a(1+ 2β2)
[
2
3
+ csch2(η)
]
u3(x, t) = −2a(1+ 2β2)
[
1
3
+ sech(2η)
ε − sech(2η)
]
u4(x, t) = −2a(1+ 2β2)
[
1
3
+ 8abe
4εβ
(e2εβ − b)4
]
where η =
√
a
2 (x+ βy+ γ t), β, a > 0 and b > 0 are arbitrary constants.
Substituting Eqs. (14) and (7) with z(ξ) in Table 1 into Eq. (9) gives rise to the exact travelling wave solutions of Eq. (2)
as follows:
u1(x, t) = −4a(1+ 2β2)
[
2
3
+ csch2(2η)
]
u2(x, t) = −a(1+ 2β2)
[
8
3
+ sech
4(η)
tanh2(η)
]
u3(x, t) = −a(1+ 2β2)
[
8
3
+ csch
4(η)
coth2(η)
]
u4(x, t) = −8a(1+ 2β2)
[
1
3
+ 8ace
4εη
(e4εη − 4ac)2
]
u5(x, t) = −8a(1+ 2β2)
[
1
3
+ 8ace
4εη
(1− 4ace4εη)2
]
where η =
√
a
2 (x+ βy+ γ t), β, a > 0 and c > 0 are arbitrary constants.
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Substituting Eqs. (15) and (7) with z(ξ) in Table 1 into Eq. (9) gives rise to the exact travelling wave solutions of Eq. (2)
as follows:
u1(x, t) = −b
2
c
(1+ 2β2)
[
1
6
− 2sech
2(η)
4− (1+ ε tanh(η))2 −
4sech4(η)
[4− (1+ ε tanh(η))2]2
]
u2(x, t) = −b
2
c
(1+ 2β2)
[
1
6
+ 2csch
2(η)
4− (1+ ε tanh(η))2 +
4csch4(η)
[4− (1+ ε tanh(η))2]2
]
u3(x, t) = −b
2
c
(1+ 2β2)
[
1
6
− sech
2(η)
2(1+ ε tanh(η)) +
sech4(η)
4(1+ ε tanh(η))2
]
u4(x, t) = −b
2
c
(1+ 2β2)
[
1
6
+ csch
2(η)
2(1+ ε coth(η)) +
csch4(η)
4(1+ ε coth(η))2
]
u5(x, t) = −b
2
c
(1+ 2β2)
[
1
6
− 1
2
(1+ ε tanh(η))+ 1
4
(1+ ε tanh(η))2
]
u6(x, t) = −b
2
c
(1+ 2β2)
[
1
6
− 1
2
(1+ ε coth(η))+ 1
4
(1+ ε coth(η))2
]
u7(x, t) = −b
2
c
(1+ 2β2)
[
1
6
+ 2be
2εη
(e2εη − b)2 − b2 +
4b2e4εη
[(e2εη − b)2 − b2]2
]
where η = b4√c (x+ βy+ γ t), β, b > 0 and c > 0 are arbitrary constants.
4. Conclusion and discussion
In summary, we have presented the auxiliary equation method and used it to construct more general exact solutions
of NLPDEs with the aid of Maple 11. This method provides a powerful mathematical tool for obtaining more general exact
solutions of a great many NLPDEs in mathematical physics. Applying this method to the Zakharov–Kuznetsov equation,
we have successfully obtained many new exact traveling wave solutions. To our knowledge, these solutions have not been
reported in the former literature. Furthermore, this method is valid for a large number of nonlinear equations with variable
coefficients.
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